Lyapunov and Wirtinger inequalities  by Lee, Chung-Fen et al.
ELSEVIER 
Available online at www.sciencedirectcom 
8CIENCE ~_~DIFtECT* 
Applied Mathematics Letters 17 (2004) 847-853 
Applied 
Mathematics 
Letters 
www.elsevier.com/locate/aml 
Lyapunov  and  Wi r t inger  Inequa l i t ies  
CHUNG-FEN LEE  
National United University, No. 1, Lein Kung, Kung Chin Li 
Miaoli City, Taiwan, R.O.C. 
icf @nun. edu. tw 
CHEH-CHIH YEH 
Department of Information Management 
Lunghwa University of Science and Technology 
Kueishan Taoyuan, 33306 Taiwan, R.O.C. 
ccyeh©mail, lhu. edu. tw 
CHEN-HUANG HONG 
National Taipei University of Technology 
Taipei 106, Taiwan, R.O.C. 
hongch©ntut, edu. tw 
R. P. AGARWAL 
Department of Applied Mathematics, Florida Institute of Technology 
150 West University Boulevard, Melbourne, FL 32901-6988, U.S.A. 
agarwal ©f it. edu 
(Received June 2003; accepted July 2003) 
Communicated by E. S. Lee 
Abst rac t - - In  this paper, we prove the Lyapunov inequality for the second-order linear differential 
equation 
(r(t)¢ (y'(t)))' + p(t)¢(y(t)) = 0, 
where 
(i) ¢(s) = Is[~-2s, ~ > 1 is a fixed real number, 
(ii) r(t) and p(t) are integrable on In, b] with r(t) > 0 on [a, b]. 
On the other hand, a generalized Wirtinger inequality is also given. (~) 2004 Elsevier Ltd. All rights 
reserved. 
Keywords- -Lyapunov 's  inequality, Hhlder's inequality, Wirtinger's inequality. 
1. INTRODUCTION 
The purpose of this note is to generalize the Lyapunov inequal ity [1-5] for the second-order l inear 
differential equation 
y"(x) + = 0 
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to the half-linear differential equation 
(r(t)¢ (d(t))) '  + p(t)¢(y(t)) = O, 
where 
(i) ¢(s) = [sla-2s, a > 1 is a fixed real number, 
(ii) r(t) and p(t) axe integrable on [a, b] with r(t) > 0 on [a, b]. 
For other related results, we refer to [6,7]. 
In Section 3, we also extend the well-known Wirtinger inequality to the more general case. 
(1) 
2. LYAPUNOV'S INEQUALITY 
In order to prove our main result, we need the following lemma. 
LEMMA 1. Let a and b be successive zeros ofa nontrivial solution u(t) of the half-linear differential 
equation (1). Then, there exists c 6 (a, b) such that 
\r(~)) d~ ;+(s) ds] > l  (2) 
and 
(3) 
where 1/a + l i f t  = 1. 
PROOf. It follows from u(a) = u(b) = 0 and Rolle's theorem that there exists c C (a, b) such 
that u'(c) = 0. Clearly, [u(c)l = maXte[~,b] lu(t)l ¢ O. Using the H61der inequality, we have 
I~(~)1 = LCu'(s) ds 
f -< I~'(~)lds c(1 ],io 
= L \~(s)) r(s)Xl<~lu'(s)lds 
= \ r (s ) ]  ds p(s)l~(s)l~ ds 
_<i~(c)l t , , ' ( , ))  tJo p+(s)d~) . 
Hence, 
>1.  
Lyapunov and Wirtinger Inequalities 849 
Similarly, 
Hence, 
b ds I~'(e)l = I - u(c)l = fj~ ~,'(s) 
b / ,  
_< ./~ l~'(~)l ds 
Thus, we complete our proof. 
We now can state and prove our main two results as follows. 
THEOREM 2. 
equation 
Let a and b be successive zeros of a nontrivial solution u(t) of the differential 
(ly'(t) I~-=y'(t)) ' + g(t)ly'(t)[~-2y'(t) + f(t)]y(t)l~-2y(t) -- 0, (4) 
where 
(a) a > 2 is a fixed constant, 
(b) f(t) and g(t) we integable on [a, b]. 
Then, 
(b -  a) '~/~ f+(s) ds -  4exp - Ig(s)l ds > 0 
and 
where 1/a + 1//3 = 1. 
PROOF. Let 
(RI) 
(/' ) r(t) = exp g(s) ds and p(t) = r(t) f(t)  
r(t) = exp - g(s) ds and p(t) = r(t)f(t) .  
Then, equation (4) reduces to equat ion (1). By Lemma 1, there exists c E (a, b) such that  
[/c (exp (/'~ls~s))~l~ "7 ll~ [/c~f'l°xp (/'g~s~,~),,] 1J~1 
or  
b /b  
(b -a )~/z /  f+(s)ds+4 [g(s)lds>4 , (R2) 
850 C.-F. LEE et al. 
and 
Thus, 
and 
Let 
[Lb(exp(Jtbg(s)ds)M'dt]UP[Lbf+(t)exp(-~bg(s)ds) dt]U" 
(L) (L )  (c -  a) ~Ip f+(t) dt exp 2 Ig(s)I ds > 1 
,b .>.,. (;,+,,>d,).xp (,; d.)>, 
>1.  
These and (5),(6) imply 
and 
AI:= 7(c-a)al' (Lcf+(t) d'), 
i I/: ) B~ := (b -c )~/~ f+(t) dt , 
// Ao := 2 Ig(s)l ds, 
L ~ No := 2 Ig(s)l ds, 
K :=  t, BT) 
A 2 > e -A°  > 1 -Ao  
B 2>e -B° > l -Bo .  
Clearly, it follows from a /~ = a - 1 _> 1 that 
b c b 
A~ B~ 
- (~-  ~). /~ + @-  ~)~/~ 
> A~ 
- ((Kb + a) / (K  + 1)  - a)~/Z 
(K + 1)"/f3A~ (K + 1)~/ZB 2
= Faz - (~-  ~ + @ - ~)./~ 
B~ + 
@ - (Kb + . ) / (K  + ~))"/~ 
> 1+ k (b-a)~/~ j 
_ A 2 + K~/~B~ + (1/K)~/#A~ + B~ 
(b - a)"/~ 
__ A2/n  l~t2/°~ I~2/p A2/o~ A21 +"1  ~1 + ~1 ~'1 "]- B12 
(b - ~)~/~ 
(5) 
(6) 
(7) 
(8) 
(9) 
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It follows from (7)-(9) and the inequality 
e -x + e -y  > 2e -(~+v)/2, for all x, y E IR, 
that 
851 
0o)  
_ a2  ± a2 /~2/~ p2/~a2/~ ~'1 " ~11 a-'l "{- *~1 ~1 q- B2  -- 4e - (A°+B°) /2  
> e -A°  -4- e -(A°/ l~+B°/a) q- e - (B° /~+A°/a)  q- e -B°  -- 4e - (A°+B°) /2  
>_ e -Ao q_ e -Bo  _ 2e-(Ao+Bo)/2 
: (e -A° /2  e -B° /2 )  2 -  ~0.  
Hence, (R1) holds. It follows from 
e -x > 1 - x, for all x > 0, 
that (R2) holds. Thus, the proof of Theorem 1 is complete. 
REMARK 3. If ~ = 2 and g(t) ----- 0, then (R2) reduces to the classical Lyapunov inequality. 
THEOREM 4. Let a and b be successive zeros of a nontrivial solution u(t) of the differential 
equation 
( Id( t ) l~-~d(t ) )  ' + g(t)td(t)q°-2d(t) + f(t)Mt)V-~y(t) -- o, 
where 
(c) 1 < a < 2 is a fixed constant, 
(d) f(t) and g(t) are integrable on [a, b]. 
Then, 
; (i ) (b -a )  ~/~ /+(~)as -2~exp-  Fg(~)las >o (Ri) 
and 
L (b -  a) ~/~ f+(s) ds + 2 ~ Ig(s)l ds > 2% (a;) 
where 1/a + 1/t3 = 1. 
PROOF. It follows from 1 < a < 2 that 0 < a/15 = a - 1 < 1. Therefore, the inequality 
(1 + x) ~/~ >_ 2 ~/z-1 (1 + x~/B), for all x >_ 0, 
holds. Then, 
(11) 
2(=/n)-i [ A2 + K=InB~ + (ltK)=InA~ + B2.] 
[ (b - ~)~1~ J 
a21nr~21 ~ n21~a2I~ ] 
= 2(a/~)_ 1 A~ + ~'1 Z~l -~- ~-'1 ~1 -Jr- B~. 
(b - a)~le 
where K, A1, B1 are defined as in the proof of Theorem 1. Thus, 
/: ((z /: )) 21-~lZ(b - a) ~Iz f+(s) ds - 4exp - Ig(s)l ds + [g(s)l ds > O. 
Hence, (R~) and (R~) hold. This completes the proof of Theorem 2. 
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3. WIRT INGER'S  INEQUAL ITY  
Let L be the differential operator defined by 
Lv = (plv'l~-2v') ' + qlvl~-%, (12) 
wherep,  q • C ( I=  (a,b),]~). Here -oo  <a <b < oo. The domain D of L is defined to be 
the set of all real valued functions v in I such that all derivatives involved in (12) exist and are 
continuous at each point in I.  We shall consider solutions v • D of the differential inequality 
- Lv  k Aorv (13) 
in I ,  where ,~0 is a real number and r is a positive continuous function in I .  
Let AC(I)  denote the set of all real valued functions which are absolutely continuous on every 
closed subinterval of I .  For a positive solution v E D of (13), we consider functions u • AC(I)  
such that the limits below exist and are finite 
Sl(u,v)= ~m P(X)U2(X)]V'(X)l~-2 
• -~o+ ~(~)  , 
S2(u,v)= lim P(X)U2(X)lV'(X)P-2 
(14) 
THEOREM 5. Let v E D be a positive solution of (13) in I for some real number ;~0. If u E AC(I),  
such that the limits in (14) exist and are finite, then the following inequality holds if the integral 
exists: 
f /q  + :~o)~21~l°-2dx < f p(~')21~'l~-2dx + Sl(~,v) - S~(~,~ ), (15) 
where equality holds if and only if u(x) is a constant multiple of v(x) on I. 
PROOF. Clearly, we have the differential identity 
= pl~' l~-=(~')  = + - -nv  - qu21vl ~-2. 
V 
Integrating the above identity over a subinterval (y, z) of I with a < y < z < b, 
f v,,o 
Y 
where equality holds if and only if (u/v)' = 0 a.e. in I ,  that is, u(x) = (const.)v(x) on I. Taking 
limits as y -* a + and z ~ b-,  we obtain conclusion (15). 
As a specialization of Theorem 5, we consider the case that I = (a, b) is bounded, the continuity 
of p, q, and r extends to In, b], and v is a positive eigenfunction corresponding to the smallest 
eigenvalue Ao of the boundary value problem 
I {  Lv +)~orv = 0, in I,  
ely(a) - p(a)lv'(a)l ~'-~ -- O, 
c2v(b) + p(b) lv'(b)l ~-~ = 0, 
(16) 
where cl and c2 are constants. 
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THEOREM 6. Let v C D be a positive eigenfunction i  a bounded interval I corresponding to the 
smallest eigenvalue Ao of (16). Then, every absolutely continuous f nction u on [at b] such that 
u / 6 L2(a, b) satisfies the following Wirtinger-type inequality if  the integral exists: 
b b 
f (q + ),o)u21vl ~-2 dx ~_ L P(U')21v'l~-2 dx + clu2(a) + c2u2(b), (17) 
where equality holds i f  and only i f  u(x) is a constant multiple of v(x) on [a, b]. 
REMARK 7. Let a = 2. Then, Theorems 5 and 6 reduce to Theorems 1 and 2 in [8], respectively. 
REMARK 8. Let p(x) = 1, A0 = 0, a = 2, c2 _< 0, cl = oe, u(a) = O, and a = 0 in Theorem 6. 
Then, (17) reduces to Theorem 1.1 of [9] as follows: 
b b 
/ (Ut(X)) 2 dx> ~a / q(x)u2(x)dx'  
where equality holds if and only if u(x) = (const.)v(x). 
Let p(x) = 1, q(x) = O, r(x) = 1, a = 2, A0 = ~2/4(b -a )  2, cl = oo, c2 = O, u(x) = 
w(x)-w(a),  and v(x) = sin[~r(x - a)/2(b - a)] in Theorem 6. Then, (17) reduces to the following 
corollary. 
COROLLARY 9. (See [8].) Every real valued fimction w e C 1 [a, b] satisfies the inequality 
b "b a-2  --b 
where equality holds if and only if 
= w(a) + K sin \ 2(b - a) 
identically on [a, b] for some constant K. 
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